Abstract. To an ordered N -tuple (x 1 , . . . , x N ) of distinct points in the threedimensional Euclidean space, Atiyah has associated an ordered N -tuple of complex homogeneous polynomials (p 1 , . . . , p N ) in two variables x and y of degree N −1, each p i determined only up to a scalar factor. He has conjectured that these polynomials are linearly independent. In this note it is shown that Atiyah's conjecture is true if m of the points are on a line L and the remaining n = N − m points are the vertices of a regular n-gon whose plane is perpendicular to L and whose centroid lies on L.
Introduction
Let (x 1 , . . . , x N ) be an ordered N -tuple of distinct points in R 3 . Each ordered pair (x i , x j ) with i = j determines a point Atiyah [1, 2] observed that his conjecture is true if the points x 1 , . . . , x N are collinear. He also verified the conjecture for N = 3. Then Eastwood and Norbury [5] verified it for N = 4. In our previous note [4] we verified this conjecture for two special planar configurations of N points. For additional information on the conjecture (further conjectures, generalizations, and numerical evidence) see [2, 3] .
Apart from the above mentioned result for arbitrary four points, there are no results known for nonplanar configurations. In this note we prove Atiyah's conjecture for the infinite family of nonplanar configurations described in the abstract.
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Preliminaries
Identify R 3 with R × C and denote the origin by O. Following Eastwood and Norbury [5] , we make use of the Hopf map h :
This map is surjective and its fibers are the circles {(zu, wu) : u ∈ S 1 }, where S 1 is the unit circle in C. If h(z, w) = (a, v), we say that (z, w) is a lift of (a, v).
For the sake of simplicity, we assume that if i < j and z i = z j then a i < a j . As the lift of the vector x j − x i , i < j, we choose
where
, is a lift of x i − x j . The corresponding linear forms are
Define the binary forms p i by using (1.1) and the above expressions for the l ij 's. Atiyah's conjecture asserts that the N × N coefficient matrix of these forms is nonsingular.
Verification of the conjecture
We shall prove Atiyah's conjecture for the configurations of N points satisfying the following two conditions:
(i) The first m points x 1 , . . . , x m lie on a line L.
(ii) The remaining n = N − m points y j = x m+j+1 (j = 0, 1, . . . , n − 1) are the vertices of a regular n-gon whose plane is perpendicular to L, and whose centroid lies on L. Without any loss of generality, we may assume that L = R × {0} and that the y j 's lie on the unit circle in {0} × C. Write x i = (a i , 0) for i = 1, . . . , m and y j = (0, b j ) for j = 0, 1, . . . , n − 1. We may also assume that a 1 < a 2 < · · · < a m and that b j = −ζ j , where ζ = e 2πi/n . The lifts of the nonzero vectors x j − x i , i, j ∈ {1, . . . , N } are given in Table 1 , where we have set Vectors Index restrictions Lifts Linear forms
The associated polynomials p i (up to scalar factors) are given by:
We now give the proof of our result.
Theorem 3.1. Atiyah's conjecture is valid for configurations described above.
Proof. If n = 1 or 2, these configurations are planar and they have been dealt with in [4] . So, we assume that n ≥ 3. Note that
After dehomogenizing the polynomials p i by setting x = 1, we obtain (up to scalar factors and ordering) the following polynomials:
Denote byẼ k the k-th elementary symmetric function of the N − 1 numbers:
By convention we setẼ 0 = 1 andẼ k = 0 if k < 0 or k ≥ N . Then
By factorizing f over the real numbers, we see that all coefficients of f are positive. Let P be the coefficient matrix of the polynomials (3.1) and (3. 
. . .
In order to compute det(P ) we perform on P successively the following operations:
• Add the first column multiplied with λ . . .
• Add the m-th column multiplied with λ n m to the N -th column. By expanding the determinant of this new matrix along the first m rows, we obtain that
where c = n n/2 is the modulus of the determinant of the matrix (ζ rs ), 0 ≤ r, s < n, and
As the λ i 's and theẼ k 's are positive, the proof is completed.
Comments on Atiyah and Sutcliffe conjecture
Let us also state explicitly the stronger conjecture of Atiyah and Sutcliffe [3, Conjecture 2] for the case of our configurations:
where, as in the proof above,
Recall that a 1 < a 2 < · · · < a m and, consequently, 0 < λ 1 < λ 2 < · · · < λ m .
The substitution (a 1 , . . . , a m ) → (−a m , . . . , −a 1 ) corresponds to the reflection in the plane {0} × C. Consequently, the function
For n = 1 the inequality (4.1) was proved in [4] in general, and for n = 2 only in the special (limit) case when all λ i 's are equal. One expects the inequality (4.1) to be strict for all n ≥ 3 (see [3, Section 4] ).
Expand the two products in (3.3) separately:
The coefficients c j , 0 ≤ j < n, and E j , 0 ≤ j ≤ m, are all positive. We also set E j = 0 if j < 0 or j > m. ThenẼ
In the limit case, when all λ k 's are equal to some λ > 0, the inequality (4.1) specializes to n n/2 n−1 k=0 s≥0
For λ = 0 this gives
We conjecture that the following apparent strengthening of (4.1) is valid:
When all λ k 's are equal to some λ > 0, this becomes: By using Maple, we have verified the last inequality for m ≤ 6, and, by using the invariance property mentioned above, it is easy to verify (4.4) for m = 2.
